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1. Introduction  

 In the paper we consider the problem of super-replication of the European 

options in a discrete time market model with transaction costs and volatility 

uncertainty. The problem of pricing and hedging of contingent claims under 

proportional transaction costs was studied in a number of papers [Stettner 1997, 

Kociński 2004, Roux, Tokarz and Zastawniak 2008]. Option pricing is closely related 

to the aspect of arbitrage under transaction costs studied in [Guasoni, Lépinette and 

Rásonyi 2012, Guasoni, Lépinette and Schachermayer 2008, Jouini and Kallal 1995, 

Schachermayer 2003]. A classical probabilistic model of a financial market consists of 

a measurable space (Ω, ℱ) and a probability measure ℙ determining the distribution of 

stock prices. In contrast, we study a situation where the distribution is not assumed to 

be (completely) known a priori. Our sole assumption on the stock price dynamic is 

that the absolute value of the log-returns is bounded from below and above. The 

problem of super-replication in such a discrete-time model, with more general 

nonlinear transaction costs, is studied in [Bank, Dolinsky and Gökay 2016]. The 

result, including the special case of a convex payoff profile, seems to be nontrivial to 

apply to the real market from the calculation point of view. The paper of Roux, Tokarz 

and Zastawniak [2008] develops the pricing and hedging algorithm in the discrete 

setting under proportional transaction costs, which can be rapidly implemented on a 

computer, but does not allow for general Ω which does not have to be finite. The aim 

of this paper is to show that pricing of convex European options can be reduced to 

study pricing of suitable Binomial model following some arguments of Bank, 

Dolinsky and Gökay [2016] as well as Roux, Tokarz and Zastawniak [2008]. 

2. Model description 

Let us consider a discrete time market model with a time horizon 𝑁 ∈ ℕ with a 

riskless savings account 𝐵𝑛 = 1, 𝑛 = 0, … , 𝑁 and a risky stock 𝑆𝑛 > 0, 𝑛 = 0, … , 𝑁. 

Let 
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be the log-return for period 𝑛 = 1, … , 𝑁 such that 

 ,   1, ,nX n N       (2) 

for some constants 0 ≤ 𝜎  ≤ 𝜎 < ∞. Hence 
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Let 
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be the path space with the canonical process 
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and the canonical filtration 
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For every 𝑛 = 0, … , 𝑁 the cost of buying one share of the stock at time 𝑛 is 𝑆𝑛(1 + 𝜆), 

where 𝜆 ∈ [0, ∞) and the amount received for selling one share at time 𝑛 is 𝑆𝑛(1 − 𝜇) 

with 𝜇 ∈ [0,1). A trading strategy is a pair (𝜂, 𝜃) of predictable processes 𝜂𝑛, 𝜃𝑛 

representing positions in cash and stock respectively, at 𝑛 = 0, … , 𝑁. We define the 

time 𝑛 liquidation value 𝜗𝑛 of a portfolio (𝛼, 𝛽) of cash and stock as 
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Definition 1 We call a pair (𝜂, 𝜃) of predictable processes 𝜂𝑛, 𝜃𝑛 a self-financing 

strategy, if 

  1 1, 0n n n n n          (8) 

for each 𝑛 = 0, … , 𝑁 − 1, with 𝜃0 = 0. 

We shall denote the class of self-financing strategies starting with initial capital 

𝜂0 by Φ(𝜂0). 

Definition 2 The super-replication price of a European option 𝐹: ℝ+
𝑁+1 → ℝ + is 

defined as 
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We are interested in determining the minimal initial capital which allows, by using 

self-financing strategy, to end up holding a solvent portfolio (𝜂𝑁(𝜔) −

𝐹(𝑆(𝜔)), 𝜃𝑁(𝜔)), by delivering the payoff 𝐹(𝑆) at time 𝑁. We emphasize that we do 

not define super-replication prices in an almost sure-sense as in classical approach. 

3. Main result 

We consider the special case of a convex payoff profile and show that the 

super-replication price coincides with the one computed in the Binomial model where 



the volatility always takes its maximal values. This result allows us to continue our 

investigation in the finite path space and consequently to use an algorithmic approach 

to optimal super-replication of European options considered in [Roux, Tokarz and 

Zastawniak 2008]. 

Theorem 3 Suppose that the payoff function 𝐹: ℝ+
𝑁+1 → ℝ + is convex. Then the 

super-replication price of any European option with payoff 𝐹 is given by 

    , F F     

where 𝜋(𝐹) = 𝜋𝜎,𝜎(𝐹) denotes the super-replication price of 𝐹(𝑆) in the Binomial 

model with volatility 𝜎 and transaction costs 𝜆, 𝜇. 

A similar result for markets with friction is shown in [Bank, Dolinsky and 

Gökay 2016]. Note that in [Bank, Dolinsky and Gökay 2016] the mark-to-market 

value rather than the liquidation value is considered. Moreover, our approach is based 

on a different definition of the self-financing strategy.  

Proof. Note that 𝜋𝜎,𝜎(𝐹) ≥ 𝜋(𝐹). It suffices to show that for any 𝜀 > 0 there exists a 

self-financial strategy (𝜂, 𝜃) which super-replicates 𝐹(𝑆) in every scenario 𝜔 ∈ Ω 

with initial position (𝜀 + 𝜋(𝐹), 0). Consider the Binomial model with volatility 𝜎. Let 

Ω = {−1,1}𝑁 be the path space with canonical process 𝑋𝑛(𝜔) ≔ 𝑥𝑛 for 𝜔 =

(𝑥1, … , 𝑥𝑁) ∈ Ω and the stock price evolution 𝑆0 = 𝑠0 and 𝑆𝑛 = 𝑆𝑛−1exp (𝜎𝑋𝑛), 𝑛 =

1, … , 𝑁. Clearly, the canonical filtration  
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coincides with the one generated by 𝑆 = (𝑆𝑛)
𝑛=0,…,𝑁

. By the definition of 𝜋(𝐹) there 

is (ℱ𝑛)
𝑛=0,…,𝑁

 -predictable process (𝜂, 𝜃) such that with 𝜃0 = 0 we have 
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everywhere on Ω. In view of inequalities (2) for any 𝜔 ∈ Ω and 𝑛 = 1, … , 𝑁 there are 

unique weights 𝑤𝑛
(+1)

(𝜔), 𝑤𝑛
(−1)

(𝜔) ≥ 0 with 𝑤𝑛
(+1)(𝜔) + 𝑤𝑛

(−1)(𝜔) = 1 such that 
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Observe that for weights 
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we have 
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for 1, ,n N  and 
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By using (3), (14), (17) and the adaptedness of 𝑆 we get the following representation 
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for any 𝑛 = 1, … , 𝑁, 𝜔 ∈ Ω. Now consider the pair (𝜂, 𝜃) of predictable processes 𝜂𝑛, 

𝜃𝑛: 
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First we prove that the strategy (𝜂, 𝜃) is self-financing. In view of (11), (7), (16), (19) 

and (20) we have 
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Observe that 
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for any 𝑛 = 1, … , 𝑁, 𝜔 ∈ Ω. Since 𝜃 is predictable with respect to the filtration 

(ℱ𝑛)
𝑛=0,…,𝑁

 and 𝑆 is (ℱ𝑛)
𝑛=0,…,𝑁

-adapted we have 
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for any 𝑛 = 1, … , 𝑁 − 1, 𝜔 ∈ Ω and 
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for any 𝑛 = 2, … , 𝑁 − 1, 𝜔 ∈ Ω. Now, using (12) and (7) we obtain  
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for any 𝑛 = 1, … , 𝑁 − 1, 𝜔 ∈ Ω, which in conjunction with (22), (23), (24) and the 

convexity of the positive and the negative part entails the inequality 
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for any 𝑛 = 1, … , 𝑁 − 1, 𝜔 ∈ Ω. It remains to prove the super-replication condition 
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for 𝜔 ∈ Ω. By definition of 
N and (13) we have 
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Note that  
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due to the convexity of 𝐹: ℝ+
𝑁+1 → ℝ + and (18). Similarly, 
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As a consequence, 
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This shows that the self-financing strategy (𝜂, 𝜃) super-replicates 𝐹(𝑆) with 𝜂0 = 𝜀 +

𝜋(𝐹), which completes our proof. 

4. Consequences and further generalizations 

In our setup the set of all possible stock price evolutions which respect the 

specified volatility bounds is uncountable, but in view of Theorem 3, from Theorem 

4.2 in [Roux, Tokarz and Zastawniak 2008], we obtain 

Corollary 4 The super-replication price of a European option with convex payoff 

𝐹(𝑆) is given by 
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where 𝒫 denotes the set of pairs (ℙ, 𝑆̂) such that ℙ is probability measure on 𝛺 and 𝑆̂ 

is a martingale under ℙ satisfying 
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for any 𝑛 = 0, … , 𝑁, 𝑍0 is the polyhedral proper convex function constructed as 

follows: 

• we put  
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• for any 𝑛 = 0, … , 𝑁 − 1 we take 
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This method allows us to price European option in a algorithmic way as was 

studied in [Roux, Tokarz and Zastawniak 2008].  

In the following paper proportional transaction costs have been considered . It 

seems we can extend the result to convex transaction costs. Further extension will go 

to consider multi-asset case and generalized the result in this direction. 

Acknowledgements 

The research was financed from the funds granted to the Faculty of Finance and Law 

at Cracow University of Economics, within the framework of the subsidy for the 

maintenance of research potential. 

 

References 

Bank P., Dolinsky Y., Gökay S. [2016], Super-replication with nonlinear transaction 

costs and volatility uncertainty, „The Annals of Applied Probability”, vol. 26, iss. 3. 

Guasoni P., Lépinette E., Rásonyi M. [2012], The fundamental theorem of asset 

pricing under transaction costs, „Finance and Stochastics”, vol. 16, iss. 4. 

Guasoni P., Rásonyi M., Schachermayer W. [2008], Consistent price systems and 

face-lifting pricing under transaction costs, „The Annals of Applied Probability”, vol. 

18, iss. 2. 

Jouini E., Kallal H. [1995], Martingales and arbitrage in securities markets with 

transaction costs, „Journal of Economic Theory”, vol. 66, iss. 1. 

Kociński M. [2004], Hedging of the European option in discrete time under 

proportional transaction costs, „Mathematical Methods of Operations Research”, vol. 

59. 

Roux A., Tokarz K., Zastawniak T. [2008], Options under proportional transaction 

costs: An algorithmic approach to pricing and hedging, „Acta Applicandae 

Mathematicae”, vol. 103, iss. 2. 

                                                           
1 The concave cap 𝑐𝑎𝑝{𝑓1, … , 𝑓𝑛} of functions 𝑓1, … , 𝑓𝑛: ℝ → ℝ ∪ {−∞} is defined as the smallest concave 
function ℎ such that ℎ ≥ max {𝑓1, … , 𝑓𝑛}. 
 



Schachermayer W. [2003], Introduction to the mathematics of financial markets, [in:] 

Albeverio S, Schachermayer W, Talagrand M: Lecture Notes in Mathematics 1816 – 

Lectures on Probability Theory and Statistics, Saint-Flour summer school 2000 

(Pierre Bernard, editor), Springer Verlag, Heidelberg. 

Stettner Ł. [1997], Option pricing in the CRR model with proportional transaction 

costs: A cone transformation approach, „Applicationes Mathematicae”, vol. 24, iss. 4.  


